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Abstract 

Let {M^, g, e~^dv) be a smooth metric measure space of dimensional n. Suppose that v is 
a positive weighted p-eigenfunction associated to the eigenvalne Ai_p on M, namely 

div{e~^\Vv\^~^Vv) = 

in the distribution sense. We first give a local gradient estimate for v provided the m-dimmensional 
Bakry-Emery curvature Ridp bounded from below. Consequently, we show that when RicJ" > 0 
then V is constant if v is of sublinear growth. At the same time, we prove a Harnack ineqnal- 
ity for weighted p-harmonic functions. Moreover, we show global sharp gradient estimates for 
weighted p-eigenfunctions. Then we use these estimates to study geometric structures at infinity 
when the hrst eigenvalue Ai,p obtains its maximal value. Our achievements generalize several 
results proved ealier by Li-Wang, Munteanu-Wang,... ([niiniEiiii]). 
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1. Introduction 


The local Cheng-Yau gradient estimate is a standard result in Riemannian geometry, see [8] , also see 
[28) . It asserts that if M be an n dimensional complete Riemannian manifold with Ric > — (n — 1 )k 
for some k > 0, ioT u : B{o, R) C M ^ M. harmonic and positive then there is a constant c„ 
depending only on n such that 


sup 

B{o,R/2) 


|V»I 

U 



( 1 . 1 ) 


Here B{o,R) stands for the geodesic centered at a fixed point o G M. Notice that when k = 0, 
this implies that a harmonic function with sublinear growth on a manifold with non-negative Ricci 
curvature is constant. This result is clearly sharp since on K” there exist harmonic functions which 
are linear. 

Cheng-Yau’s method is then extended and generalized by many mathematicians. For example, 
Li-Yau (see [12]) obtained a gradient estimate for heat equations. Cheng (see H) and H. I. Choi 
(see |9|) proved gradient estimates for harmonic mappings, etc. We refer the reader to survey [TT] 
for an overview of the subject. 
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When e~^dv) are smooth metric measure spaces, it is very natural to find similar results. 

Recall that the triple e~^dg) is called a smooth metric measure space if {M,g) is a Rieman- 

nian manifold, / is a smooth function on M and dg is the volume element induced by the metric g. 
On M, we consider the differential operator Ay, which is called /—Laplacian and given by 

Ay • := A--(V/, V-). 

It is symmetric with repect to the measure e~^dg. That is, 

J (V(/3, V'f/') e~^ = — J{Afip)tjje~^, 

M M 


for any € C^{M). Smooth metric measure spaces are also called manifolds with density. By 
TO-dimensional Bakry-Emery Ricci tensor we mean 


Ricf 


Ric + Hessf 


V/OV/ 

m — n 


for m > n. Here m = n iff / is constant. The oo—Barky-Emery tensor is refered as 


Ricf = Ric + Hessf. 

Brighton (see [3]) gave a gradient estimate of positive weighted harmonic function, as a conse¬ 
quence, he proved that any bounded weighted harmonic function on a smooth metric measure space 
with Ricf > 0 has to be constant. Later, Munteanu and Wang refined Brighton’s argument and 
proved that positive /-harmonic function of sub-exponential growth on smooth metric measure space 
with nonnegative Ricf must be a constant function. Moreover, Munteanu and Wang also applied the 
De Giorgi-Nash-Moser theory to get a sharp gradient estimate for any positive /-harmonic function 
provided that the weighted function / is at most linear growth (see for further results). On 

the other hand, Wu derived a Li-Yau type estimate for parabolic equations. He also made some 
results for heat kernel (see [351137] for the details.). 

From a variational point of view, p-harmonic function, or more general weighted p-harmonic 
functions are natural extensions of harmonic functions, or weight harmonic functions, respectively. 
Compared with the theory for (weighted) harmonic functions, the study of (weighted) p-harmonic 
functions is generally harder, even though elliptic, is degenerate and the regularity results are far 
weaker. We refer the reader to |20l [10] for the connection between p-harmonic functions and the 
inverse mean curvature flow. For the weighted p-harmonic function, Wang (see m) estimated 
eigenvalues of this operator. On the other hand, Wang, Yang and Chen (see [34]) shown gradient 
estimates and entropy formulae for weighted p-heat equations. Their works generalized Li’s and 
Kotschwar-Ni’s results (see [niiin])- 

In this paper, motived by Wang-Zhang’s gradient estimate for the p-harmonic function, we give 
the following result on local gradient estimates of weighted p-eigenfunctions. 

Theorem 1.1. Let (M", p, e”-^) be a smooth metric measure space of dimension n with Ridy > 
— (m—1 )k. Suppose thatv is a positive smooth weighted p-eigenfunction with repsect to the eigenvalue 
Ai_p on the ball Bn = B{o,R) C M. This means 

e^ div{e~ ^ \ V v) = 


on Bn = B{o,R) C M. Then there exists a constant C = C(j),m,n) such that 


|Vu| ^ C(1 + v^R) 
V ~ R 


on B{o,R/2). 


( 1 . 2 ) 
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Moreover, using these local gradient estimates, we can obtain sharp gradient estimates for 
weighted p-eigenfunctions as follows. 

Theorem 1.2. Let (M", g, e~^dv) be an n-dimensional complete noncompact manifold with Rict^ > 

— (m — 1). If V is a positive weighted p-eigenfunction with respect to the first eigenvalue then 

|Vlnu| < y. 

Here y is the unique positive root of the equation 

{p - l)yP - (m - l)yP~^ + Xi,p = 0. 

A directly consequence of the theorem 11.21 is a sharp gradient estimate for positive weighted 
p-harmonic function. 

Corollary 1.3. Let {M^,g, e~^dv) be an n-dimensional complete noncompact manifold with RicJ^ > 

— (m — 1). If V is a positive weighted p-harmonic function then 

, 1 m — 1 

V Inn < -. 

p-1 

The sharpness of the estimate is demonstrated by the below example. 

Example 1.4. Let M" = R x with a warped product metric 

ds^ = dt^ + e'^*ds%, 

where N is a complete manifold with non-negative Ricci curvature. Then it can be directly checked 
that RicM > — (n — 1) (See \16^ for details of computation). Moreover, we have 

Choose weighted function f = —{m — n)t, then the m-dimensional Bakry-Emery curvature is bounded 
from below by — (m — 1). 

Let v{t,x) = where < a < have 

\Vv\ 

-= a. 

V 

It is easy to show that 

{Vv, V/) = (m — 

(V|Vn|P■^ Vn) = {p- 2)aV^ 

|Vn|^“^An = (1 — n + 

Hence, 

div{e~^\Vv\P~'^Vv) = ((p — l)a — (m — 

This implies that 

Ai,p = (to — 1 — (p — l)a)a^“^, 

or equivalently, 

(p — l)a^ — (to — l)a^“^ + Ai_p = 0. 
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It is also very interesting to ask what are geometric structures of manifolds with Ai_p achieving 
its maximal value. When / is constant, this problem has been studied by Li-Wang, Sung-Wang in 
[Hiisiiin]. In this paper, we prove a generalization of their results. 

Theorem 1.5. Let (M'^, g, e~dv) be a smooth metric measure space of dimension n>2. Suppose 

that Ric^ > — (m—1) and Xi,p = ^ • Then either M has no p-parabolic ends or M = 

for some compact manifold N. Here the definition of p-parabolic ends is given in the section 3. 

On the other hand, if we only assume that the Bakry-Emery curvature is bounded from below, 
we also can give a upper bound estimate of the hrst eigenvalue. For example, we consider smooth 
metric measure spaces and prove that if Ricf > 0 then Ai^p < , where a is the linear growth 

rate of /. Moreover, we also show that this estimate is optimal. When Ai^p is maximal we obtain 
the following theorem. 


Theorem 1.6. Let {M,g,e ^dv) he a smooth metric measure space with Ricf > 0. Suppose that 

faY 

Ai p = — , where a is the linear growth rate of f. Then, either M is connected at infinity or 

\Pj 

M = R X N where N is a compact manifold. 


This theorem is a generalization of Munteanu and Wang’s theory on weighted harmonic functions 
on smooth metric measure spaces (see [21]). 

This paper is organized as follows. In the section 2, we give a proof of the main theorem 11.11 
by using the Moser’s iteration. As its applications, we show a Liouville property and a Harnack 
inequality for weighted p-harmonic functions. In the section 3, we prove the theorem II.21 The proof 
the theorem 11.51 is given in the section 4. In the section 5, we investigate smooth metric measure 
spaces with Bakry-Emery curvatures bounded from below. We generalize Munteanu and Wang’s 
results in miEg by using the theory of weighted p-harmonic functions. 


2. Local gradient estimates for weighted ji-eigenfunctions on 

(M, e~^dg) 

Suppose that {M,g, e~^dv) is a smooth metric measure space, and II C M be an open subset. Let 
be a positive weighted p-eigenfunction function with respect to the first eigenvalue Ai^p, for p > 1, 
namely, v € WY (LI) satisfying the following weighted p-Laplacian equation, 

^pjv := eYiv{e~^\X/vY^X/v) = —Xi^pV^~^. ( 2 . 1 ) 

in the distribution sense, i. .e, 

f Vp) = Ai_p / v^~^ipe~Yv 

Jn Jn 

where ip G Wq’^Y). The regularity of solutions of the equation ()2.1|) implies v G for some 
a > 0, for example, see [30]. Morevoer, it is well-known that v G if p > 2 and v G if 
1 < p < 2. In addition, v is smoth outside the set {Vz; = 0}. 

Note that, when Ai^p = 0 then v is called a weighted p-harmonic function. Let zt = — (p — 1) logz;, 
then V = It is easy to see that u satisfies 

e'^dzz'(e“'^|Vzz|^“^Vzt) = |Vzz|^ -I- Ai^p(p — 1)^“^. 
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( 2 . 2 ) 


Put h := |Vup, the above equation can be rewritten as follows. 

(I - l) (v/i, Vit) + + Ai,p(p - 1)P"\ 

Assume that h > 0. As in m, m, we consider the below operator 

:= (Vu, Vi/'), 

where 

. . , - Vu® Vu 

We have the following lemma and the proof is by direct computation. 

Lemma 2.1. 

Cf{h) = 2hp!'^-^{u% + mcf(yu,Vu)) + (I - l) hP/^-^\Vh\^. (2.3) 

Proof. By the definition of A/, we have 

Cf{h) =e^div ^V/i + {p — 2) ^ _ p/jf-i (Vu, V/i) 

=hi~^Ah + {p — 2)h^~^div [h~^ (Vu, V/i) Vu) 

+ <^V , Vh + (p - 2)h-^ (Vu, Vh) - ph^-^ (Vu, Vh) 

=hi-^Ah +{p- 2)h§-2 (Vu, V/i) Au-{p- 2)h^-^ (Vu, V/i)^ 

+ (p - 2)hi~'^{utjhiUj + hijUiUj) + (I “ l) + (p - 2) (Vu, V/i)^ 

- (V/, V/i) - (p - 2 )/i^-2 (Vm, V/i) (V/, Vu) - p/i^’^ (Vu, V/i). 

Hence, 

£/(/r) =hi-^Afh + (I - l) hi-^\yhf 

+ (p - 2)/ii-2 (V/i, Vm) A/m + (p - 2) (I - 2^ /i^-^ (V/r, Wuf 
+ (p — 2)h^~'^{uijhiUj + hijUiUj) — ph^~^ (Vm,V/i) 

=2/r5-i +i?zc/(VM,VM)) + (I - l) /i^-^|V/ip 

+ (p- 2 )/i^-2 (V/i,Vm) A/m + 2/i^-^ (VA/m, Vu) + (p - 2) - 2^ {Vh,Vuf 

+ (p — 2)hi~‘^{uijhiUj + hijUiUj) —phi~^ (Vu,V/i). 

Here we used the Bochner identity 

Afh = A/|Vup = 2 (u^j + Ricf{Vu^ Vu)) + 2 (VA/u, Vu) 

in the last equation. 

On the other hand, differentiating both side of (12.21) then multiplying the obtained results by 
Vu, we have 

(V/i, Vu) = (I - l) /i5-2 (V/r, Vu) A/u + /i^'^ (VA/u, Vu) 

+ (I - 2 ) (I - 1 ) /i«-3 (V/i, Vu)' + (f - 1 ) ) 
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Combining this equation and the above equation, we are done. 


□ 


Now, suppose that u is a weighted p-eigenfunction with repect to the first eigenvalue Ai^p = 0. 
We choose a local orthonormal frame {ci} with ei = Vu/|Vm| then 

2hun = (Vu,V/i), = 

2 = 1 

Then (12.21) can be read as 

n 

(p - l)uii + Y,uu = h+ (V/, Vu) + \Vu\^-PXi,p{p - l)P-\ 

2=2 

Therefore 

n n 

My > + X! 

2=1 

n 


uu 


2=2 

1 


2=1 


n — 


I s- 


^2=2 


= J2< + - If "'iVMp-P - (p - l)un + (V/, Vu))' 

2=1 

, 1 Ah + Ai.p(p-ir-i|Vu|2-P-(p-l)un)" {yu,Vff 


n — 1 


1 + 


n—1 


n—1 


2=1 


1 /h2 + 2/i(Ai,p(p-l)P-i|Vu|2-P-(p-l)un) {Vu,yfY 


n — 1 


1 + 


21—1 


^ 1 ^2 2(p-l)^ ,^2 (V/,Vu)^ 

^ - -h — -:— huii + y — - 

2=2 


m — 1 m — 1 

\2 ^ 


m — n 


Note that we used {a — by > — -y for J > 0 in the fourth inequality. Again, by using the 

identities 

2/iuii = (Vu,V/i), = 


4 h 


we conclude that 


uf > -^—rh"^ - -— \ {Vu,Vh) + 

m — 1 m — 1 4/i 


l|Vh|2 (V/,Vu)' 


m — n 
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Assume that Ric™ > — (m — 1 )k, we infer 

Cf{h) = + mcf{yu,Vu)) + (I - l) 




1 ,2 p — 1 1 |V/ip { df'Sidf 

- - -- (Vu, V/i) + 7 ^-^ + Ric/ - - - - 


m — 1 TO — 1 
2 


4 h 


m — n 


(Vu, Vu) 


> - 


2(to - l)KhP/^ + \Vh\^hP/^-^ 

+ -^hP/^+^ - ^(^Z^/iP/2-i (Vu, V/i) 

TO — 1 TO — 1 

> -2(to - 1)k/iP/ 2 + ^_/iP/2+l _ ‘^(P - ^) f^p/2-1 
TO — 1 TO — 1 


The above equation holds wherever h is strictly positive. Let K = {x € M, h{x) = 0}. Then for any 
non-negative function ip with compact support in \ K, we have 

J V/i + {p- 2)/iP/ 2-2 (yy^ y^j^ yy^ 

+ p [ hP^'^~^ {\7u,Vh) ij}e~^ -\ -- / hP/'^~^^ipe~^ 

Jq rn-lJa 

<2(to-1)k f hP/^iPe-f + ~ [ /rP/2-1 (Vu, V/i) V'e"^ (2.4) 

in TO - 1 in 

In order to consider the cases /i = 0, for e > 0,6 > 2 we choose ip = hp^rf where = (h — e)^,r] G 
C^{Bfi) is non-negative, 0 < ry < 1, 6 is to be determined later. Then direct computation shows 
that 

Vip = bh\~^Vhr]‘^ + 2h\rf\/ri. 

Plugging this identity into ()2.4I1 . we have 

b (^j |V/ip -f (p - 2)/i^-2/i^-i (Vu, V/i)^ ) r/^e-i ^ 

+ 2 1 h^-^hl{\/r],Vh)r]e-^ + 2{p-2) [ {Vu,\7h) {Vu,\7p) pf-^ 

in in 

+ p [ hi-'^hl{\/u,Vh)p^e-f + ^- [ hi+^hlp'^e-f 

in TO - 1 io 

<2(to-1)k [ h^hWe-f + [ hi-^htp^e-f. 

in TO — 1 io 


Let 


Oi = 


I 1 if p > 2 
Ip—1 ifl<p<2 


it is easy to see that 

+ {p- 2)h‘^-'%l-^ {S/u.VhY > aih^-^hl-^\Vh\^. 
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Hence, by passing e to 0, we obtain 


bai / 

JQ 

+ 2{p-2) I hi+^-'^ {\/u,Vh) {Vu,\7T])r]e-^+ 2 [ {Vh,\/r]) pe 

J Q J Q 

+ p [ hi+»-^{Vu,Vh}7^^e-f + ^— [ 

Jn m-1 

<2{m-l)K [ {Vu,yh)p^e-f. 

Jn m-1 Jq 


-f 


(2.5) 


in ^ Jn 

Using (12.51) and the argument as in [33) . we can obtain the following lemma. 


Lemma 2.2. Let M he a smooth metric measure space with RidJ" > —(m—1 )k, for some k > 0, and 
LI G M is an open set and v is a smooth weighted p-harmonic function on M. Let u = —(p—l) logu 
and h = |VMp. Then for any b > 2, there exist ci,C 2 ,C 3 depending on b,m,n such that 


( y{h^~^^ri) e ^+Ci f ^ 

Jn Jn 

< kc 2 f + cz [ h^~^^\Vp\ 

Jn Jn 




( 2 . 6 ) 


for any p € where Bji is a geodesic ball centered at a fixed point o € M. Moreover, we 

have Cl ^ 5, C 2 ~ 5 (Here ci ~ 6 means ci is comparable to b,C 2 ^ b is understood the same way). 

In [2 , Bakry and Qian proved the following generalized Laplacian comparison theorem (also see 
Remark 3.2 in [18]) 

Afp:=A— (Vf,'Vp) < (m — l)-\/KCoth(-\/Kp) (2.7) 

provided that RicJ- > —(m — l)/t. Here p{x) := dist{o,x) stands for the distance between x G M 
and a fixed point o G M. This implies the volume comparison 


VfiBx{r2)) VBm{r2) 

Vf{B,ir,)) - Vumiri) ^ 

(see |3B] for details). It turns out that we have the local /-volume doubling property. Then we follow 
the Buser’s proof |S] or the Saloff-Coste’s alternate proof (Theorem 5.6.5 in US]), we can easily get 
a local Neumann Poincare inequality in the setting of smooth metric measure spaces. Using the 
volume comparison theorem, the local Neumann Poincare inequality and following the argument in 
m, we obtain a local Sobolev inequality as belows. 

Theorem 2.3. Let {M,g, e~^dp) be an n-dimensional complete noncompact smooth metric measure 
space. If RiLJ' > —(m — 1 )k for some nonnegative constants k, then for any p > 2, there exists a 
constant c = c(n,p,m) > 0 depending only on p,n,m such that 



p-2 

P 

< 


jp2 gC(Hv^fl) 

Vf{BR)i 


+ R-^ifi'^) e-f 


for any p G Cg°(Bp(R)). 

Proof. We refer the reader to [5S] for the details of the argument. □ 









From now on, we suppose = Bn. Theorem 12.31 implies 


t»(p /2 + 6 ) 2 n _ f 

h "-2 ?7"-2e •' 


'Br 


< ^ V(hT+5)%-/+/ h^+'^'n^e-A (2.9) 

V isj? Jbr ) 

where c{n,p, m) > 0 depends only on n,p. Let bg = C(n,p, m)(l+i/KR) with C{n,p, m) > c(n,p, m) 
large enough, then from (12.61) and (12.91) we infer 


h ^"-2 \n-2e A + aebe^°R^Vf{Bii) ^ 

) Jbr 

<a7hlbe^°Vf{BR)~‘^'^ j h^+Ve”-^ + ase^’^Ff/ h^+^lVryl^e"-^. 

JBr J Br 

This inequality and the Wang and Zhang’s arguments ([33]) imply the following lemma. 
Lemma 2.4. Let bi = (bg + 2) Then there exists d = d{n,p,m) > 0 such that 

\ML>-^iB,R,,)<d§Vf{Bnr/^^. 

Proof. The proof is followed by the argue in [33], hence, we omit the details. 

Now, we give a proof of the main theorem. 

Proof of Theorem \1.1\ By (12.101) , we have 

pbo 


h 


t.(p/2+h) 2n 


'Br 


jyn-2 e 


-/ 


< 013- 


VfiBnf'^ Jbr 


{blbrj^ + R^\\/r]\^) h^+'’e-^ 


In order to apply the Moser iteration, let us put 

n 


bk+i = bk- 


"n- 2’ 

and choose r]k S C^{Bn) such that 




Cl 4'= 

r 7 fc = linBfc+i, ly = 0 in S_r \ |V?yfe| < ——, 0 < ?yfc < 1, 

H 

where Ci is a certain constant. Hence in (I2.11L by letting b + ^ = bk,'r] = ijk, we obtain 

1 , 

obo \ '’I 


By assumption of |V?yfe|, this implies 


Vfiddn) 


2ln 


'Bk 


{blbk + R^\yVk?]h}”^e-f 






( 2 . 10 ) 


□ 


( 2 . 11 ) 
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oo 

It is easy to see that S ^ = 2 ^- The above inequality leads to 

k—1 


^ «13 




E 




2/ra 


n hi 

fc=i \ 


n — 2 


+ 16'“ 




^<■0 

g 2b^ 3^ 


( 2 . 12 ) 


here we used that ^ ^ converges. Now, by Lemmaand (|2.12p . we conclude 




II^IU“(br/2) < “15^- 

The proof is complete. □ 

As a consequence, we obtain the folowing important theorem ralating to Liouville-property for 
weighted p-harmonic functions. 

Theorem 2.5. Assume that {M,g) is a smooth metric measure space with Ric^ >0. If u is a 
weighted p-harmonic function bounded from below on M and u is of sublinear growth then u is 
constant. 


Moreover, let x,y € M he arbitrary points. There is a minimal geodesic 7 ( 5 ) joining x and y, 
7 : [0,1] —>■ M, 7 ( 0 ) = a;, 7 (l) = y. By integrating (11.211 over this geodesic, we obtain the below 
Harnack inequality. 

Theorem 2.6. Let {M,g,e~-^dv) be a complete smooth metric measure space of dimension n > 2 
with RicJ' > — (m — 1 )k. Suppose that v is a positive weighted p-harmonic function on the geodesic 
ball B{o,R) C M. There exists a constant Cp^n,m depending only onp,n,m such that 

v(x) < ^^^v(y), Vx,2/ G B{o,R/2). 

If K = 0, we have a uniform constant Cp^n,m (independent of R) such that 

sup V < Cpn inf V. 

B(o,R/2) ’ B{o,R/2) 


We finish this section by giving the following gradient estimates for weighted p-eigenfunctions 
with repect to the first eigenvalue Ai^p. This estimate will be used in the next section where we 
show the sharpness of our gradient estimates for weighted p-eigenfunctions. 

Proposition 2.7. Assume that {M^g) is a smooth metric measure space with Ric^ > —(m — 1 )k 
for some k > 0. If v is a positive weighted p-eigenfunction associated to the first eigenvalue Ai^p 
then |V(lnu)| is bounded. 

Proof. Theorem 11.11 implies 


|Vu| ^ C{1 + ^R) 
V ~ R 


on B{o,R/2). 


Letting i? —>■ 00 , we are done. 


□ 
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3. Global sharp gradient estimates for weighted ]3-Laplacian 

Recall that a function v is an eigenfunction of p-Laplacian with corresponding eigenvalue Ai^p > 0 if 

(3-1) 

In this section, we only consider positive solution v. Set u = —{p— l)lnn, the equation (13.11) can 
be rewritten as follows 


efdiv{e-^Vu\P-^Vu) = \Vu\p + Ai,p(p - 1 )p-i. (3.2) 

Put h := |Vup, assume that h > 0. As in [^, we consider 

£('(/>) ;= e^div(^e~^hP^^~^A{'V'ip)j 

which is a slight modification of C{4’)- By Lemma [2TT1 we have that 

£(/i) = 2hP/‘^-^{ufj + K\Cf{S/u,Vu)) + (I - l) hP/‘^-'^\Vh\^ 

+ phi~^ {Vu,yh) 

Let {ci, 62 ,..., e„} be an orthonormal frame on M with |Vu|ei = Vit. Then (13.21) can be read 


as 


{p - l)uii + Y.uu = h+ (V/, Vu) + I Vu|2-pAi,p(p - 1)^-1. 


2=2 


Therefore, 


»sE“t + ;rvT E 


'^ii 


2=1 


2=1 

n 

^E 

2=1 

n 

^E 




jh + Ai,p(p - l)P-i|Vup-P + (V/, Vu) - (p - l)un)" 
n — 1 

1 fih + Xi,p{P - l)P-^\^u\^-P -{p- l)un)^ {^u,Vff 


n — 1 


1 + 


n—1 


n—1 


(h + Ai,p(p - l)P-i|Vu|2-P)2 (V/, Vu)' 


2=1 


m — 1 


2(p-l)^ 2 Ai.p(p-1)p,„ 

-—huii---Vu Puii. 

m — 1 m — 1 


Note that we used (a — 6 )^ > ^ for <5 > 0 in the fourth inequality. Again, by using the 

identities 

1 |Vh|2 


2/iuii = (Vu, V/i), E/^1* “ 


4 h 


we conclude that 


2 ^l|Vh|2 , (/i + Ai,p(p-l)P-i|Vup-P)2 (V/,Vu)' 

h ^ 


m — 1 


m — n 


(V., v„) - v„r-AilZd, 


TO — 1 


TO — 1 
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Assume that Ric^ > — (m — 1 )k, we infer 

£(/i) =2hP/^-\ul +RiCfiVu,Vu)) + (I - l) 


>2hP/'^ 


+ ph^ ^(Vm,V/i) 

_i/l|V/r|2 (/i + Ai,p(p-1)p-1|Vu|2-p)2 


^4: h TO — 1 

+ (^1 - l) hP/^-^\Vh\^ + p/if-i (Vu, V/i) 


+ Ric/ - 


df ®df 


iyu, Vu) 






TO — 1 TO — 1 

-1 /(/i + Ai.p(p-l)P-i|Vu|2-P)2 


TO — 1 


— (to — l)/l 


+ +p/ir-' (Va, Vh) 

_ _ 2Ai,„(p-l)-(VA,Va) 

TO — 1 TO — 1 h 

To show the sharp estimate, let x be the unique positive root of the equation 

— {m — l)x^^ + Ai,p(p — 1)^“^ = 0. 


(3.3) 


For any <5 > 0, we consider 


- (x + (5), 

0 , 


h> X + 5 
otherwise 


To show global sharp estimate of weighted p-eigenfunction, we need to have a upper bound of Ai_p 
as follows 


Lemma 3.1. Let {M^,g,e ^dv) he an n-dimensional eomplete noncompact manifold with RicJ^ > 
— (to — 1). Then 



In order to prove lemma IXTl let us recall a definition. 


Definition 3.2. (see m Let {M^,g,e ddv) he a smooth metric measure space. For a fixed point 
o € M, let Bo{r) = {q € M : dist{o, q) < r}. An end E is an unbounded component E of M\Bo{ro) 
for some rp > 0. For any 1 < p < oo. The end E is said to he p-paraholic if for each K ^ M and 
e > 0 there exists a Lipschitz function tp with compact support, (p > 1 on K, such that g^ < e. 
Otherwise, E is p-nonparaholic. Flere g,p{x) is defined as 


g^{x) = liminf sup 

’'^0+ y(iB„{r) 


dist{p{y),p{x)) 
distljj, x) 


Proof of lemma Wflf Without loss of generality, we may assume that Ai^p is positive. By the varia¬ 
tional characterization of Ai^p, we know that M has infinite /-volume. The theorem 0.1 in [4] implies 
M is p-nonparabolic, moreover 


Vf{B{r)) > CeP^"'>, 
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for all sufficiently large r and C is a constant dependent on r. On the other hand, the volume 
comparison theorem (12.81) infers 

Vf{B{r)) < 

Here Ci is a constant dependent on r. Therefore, we obtain 


or equivalently, 


>^Y.p < — In 
pr 



for all sufficiently large r. Lettting r —^ oo, we have 


TO — 1 
P 





The proof is complete. □ 

We have following key lemma. 

Lemma 3.3. Let (M'^, g, e~dv) be an n-dimensional complete noncompact manifold with Riclp > 
— (to — 1). Then there are some positive constants a and b depending on p,n,m and S such that 

2{uj) > auj — b\Vuj\, (3.4) 


in the weak sense, namely 


f £,{cj))uje ^ [ 4>{auj — &|Va;|)e ^ 


Jm J m 

for any non-negative function (j) with compact support on M. 
Proof. Since h = |Vitp, by Proposition 12.71 we have 


(3.5) 


X S < h < c{n,p, to). 


Denote by D = {h>x-\-S}, then (13.31) implies that there are positive constants ci,C 2 depending 
only on n,p, to such that on D 

£,{uj) > Cl (^h^ — {m — l)h^ + Ai,p(p — 1)^“^^ — C 2 |Va;|. (3.6) 

Now, we can follow an argument in [29) to prove that on D 

h^ — {m—l)h^ + Ai,p(p — 1)^“^ > Caw (3.7) 

for some positive constant C 3 depending only on n,p,m,S. Indeed, we consider both sides of (13.71) 
as a function of h. It is easy to see that (1X71) is valid when h = x for any choice of C3. Now, we view 
the left hand side of (12.61) as a function of h, its derivative is 


(m-I)(p-I) ^^ 
2 2 


1 , 

2 ^ ^ 


(ph"^ -{p- l)(n - 1)^ . 
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By lemma IXTl we have Ai,p < ; this implies x > {p — 1)^ h > x + 6, we 

conclude that 

ph^ — {p— l)(m — 1) > c{n,p, m, (5) > 0. 

Hence, dSH) holds true on H for some 0 < C 3 < c{n,p, m, S). 

From (j3.6L ()3.7I1 . we obtain 

£(w) > au; — &|Va;| (3.8) 

on H. Here a, b are positive constants depending only on p, n, m, S. 

Using the integration by parts, we have 


f £((/))a;e ^ = [ £((/>)we ^ 

JM Jn 

= ( (j)£uje~^ + ( f (hi~^A{yijj),v\<j)e~^. 

JM Jaa ' ' Jaa ' ' 


Here u is the outward unit normal vector of dfl. Since u = ~ — and a; = 0 on SH, this 

\vh\ |va;| ’ 

implies 


/ = t + t 

JM Jn Jan 

> f (j)2{uj)e~^. 

Jn 

> / (/)(au; — 6|Vu;|)e” 

Jn 

= / (piauj — &|Va;|)e 

J M 


a-f 

a-f 


where we used (13.81) in the third inequality. The proof is complete. □ 

Now, we give a proof of the theorem 11.21 

Proof of Theorem \l .‘A We follow the proof in [52]. First, we will prove that w = 0. Indeed, for any 
cut-off function (p on M, and for any g > 0, by using (ITSI) . we have 



{acp- 




/M 


60^u;'^|Va;|)e . 


Integration by parts implies 



/ 

Jn 




Therefore, 


a [ ^ <b f 0^a;'^|Vw|e ^ + C{n,p,mS) ( (/)|V^||Vw|u;'^e ^ 

Jm Jn Jn 

— [ {A{yijj),Vio) e~^. 

Jn 
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It is easy to see that 


(A(Vu;), Vw) = I Vwp + (p - 2) 


(Vm, Vw) 

|Vu|2 


> (p-l)lVwp. 

Hence, for any e > 0, we have 

f < be f ^ f cj)^uj‘^~^\\7uj\'^e~^ + e f \\7e~^ 

JM Jn 4e Jq Jq 

: ( 4’^ijj‘^~^\Vu 

Jn 




n 

e~ ■’ — c 




Jn 

where c and c are constants depending only on n,p, m, 5. Choose q such that b + c = 4ec then 


{a —be) f ^<e f 

Jm Jm 


Now a standard argument implies either w = 0 or for all i? > 1, 




lB{R) 


(3.9) 


for some positive constants ci and C 2 independent of e. 

Since lo is bounded and the /-volume of the ball B{R) satisfies Vf{B{R)) < (by (12.81) 1. 

if e > 0 is chosen sufficiently small, dSH) can not hold. Hence, w = 0. This implies h < x since <5 is 
arbitrary. Thus, |Vlnt;| < y. The proof is complete. □ 

Let Ai^p = j if is easy to see that the equation 

(p - l)y^ - (to - + Ai,p = 0 

has the unique positive solution y = Hence, we have the following corollary. 

Corollary 3.4. Let {M^,g,e~^) be an n-dimensional complete noncompact manifold with RicJ" > 
— (to — 1). Suppose that u is a positive solution of 


e^div (e |Vu|^ ^Vtt) = — ^ 


TO — 1 




Then 


|Vm| ^ to — 1 


4. Rigidity of manifolds with maximal Ai ^ 

In this section, we study structure at infinity of manifolds with maximal Ai^p. Our main purpose is 
to prove the theorem 11.51 stated in the introduction part. 

Theorem 4.1. Let {AL^, g, e~dv) be a smooth metric measure space of dimension n>2. Suppose 
that RicY > — (to—1) and Xi_p = ^ • Then either M has no p-parabolic ends or M = 

for some compact manifold N. 
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Proof. Our argument is close to the argument in [^. Suppose that M has a p-parabolic end E. 
Let /3 be the Busemann function associated with a geodesic ray 7 contained in E, namely, 

I3{x) = \im. (t — dist(x,^{t))). 

t—¥00 

Using the Laplacian comparison theorem (lO) . we have 

Ay/3 > —(m — 1). 


Hence 

A, 


y p div ^ 


m — 1 


p-2 


-(P-2)/3Ve^^ 


m — 1 
P 

> (m — 1 ) 


p-i 


e p 




m — 1 


p-i 


L(p-1)/3 


m — 1 
P 

P- 1 
P 


p-i 


- 1 


m — 1 


(P- 1) 


e p 


'|V/3|' 


P 


Tn — 1 g 

Therefore, let w := e p we obtain 


Ap,/(w) > —Xi^pLO^ 


Suppose that ^ is a nonnegative compactly supported smooth function on M. Then by the variational 
principle, 

Ai,p [ < [ \V{(j)uj)\^e~^. 

Jm J m 

Noting that, integration by parts implies 

f (j)PujApj{uj)e~^ = — ( (j^\'\/u}\e~^ — p f {V(j),Vuj) \Vuj\^~'^e~^ 

Jm ’ Jm Jm 

and 

|V((/)a;)|P = (|V(/.pu;2 + 2(/)w(V(/),Vw)+(/)2|Vw|P-2)^ 

< d.P|Va;|P + pcfuj (V(/), Vw) </)P-2 |v^|p-2 

for some constant c depending only on p, we infer 

f (jPuj{Apj{ijj) + \i^pUjP~^)e~f 

Jm 

= Xi,p [ {(j)wYe~^ — f (j)P\yu}\Pe~^ — p ( (Y~^w{V4>,Vu})\Vio\P~‘^e 

Jm Jm Jm 

<[ |V(0a;)|Pe-^- / (/)^’| Vwl^e"^ - p / (V(/>, Vw) | Vwl^-^e 

Jm Jm Jm 

< c f 

Jm 


P-^e-f 

P-2„-f 


(4.1) 
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Now, we choose 



1 in B{R) 

0, on M \ B{2R) 


such that |V(/)| < Then we conclude 




™-l)/3g-/ 


M Jm 



Jb{2R)\B(R) 


g(m-l)/3g-/ 


^ j:n{B{2R)\B{R)) 



g(m-l)/3g-/ 


J{M\E)n{B{2R)\B{R)) 


L 


g(m-l)/3g-/_ (42) 


Since Ai^p = i by theorem 0.1 in [3], it turns out that 

Vf{E\B{R)) < 

Hence, the first term of (14.21) tends to 0 as i? goes to oo. On the other hand, by m we have 

P{x) < —r{x) + c 

on M\E. The volume comparison (12.81) implies Vf{B{R)) < It turns out that the second 

term of (133 also goes to 0 as i? —>■ oo. Therefore, 63) infers 

Ap y(w) + Ai^pW^ ^ = 0. 

This implies 

Af/3 = —(m — 1). 

Moreover, all the inequalities used to prove A//3 > —(m — 1) become equalities (see Theorem 1.1 
in [H]). By the proof of the Theorem 1.1 in m and the argument in we conclude that 
M = R X for some compact manifold N of dimension n. The proof is complete. □ 

For p-nonparabolic end, we have the following theorem. 

Theorem 4.2. Let {AL^, g , e~dv) be a smooth metric measure space of dimension n > 3. Suppose 
that RiEy > —(m — 1) and Ai.p = for some 2 < p < 2 ^^- Then either M has only one 

p-nonparabolic end or M = R X for some compact manifold N. 

To prove theorem 14.21 let us recall a fact on weighted Poincare inequality in Ha- 

Proposition 4.3 ( [16j. Proposition 1.1). Let M be a complete Riemannian manifold. Lf there exists 
a nonnegative function h defined on M, that is not identically 0, satisfying 


Ah{x) + (Vp, Vh) {x) < —p{x)h{x), 

for some nonnegative function p, then the weighted Poincare inequality 



must be hold true for all compactly supported smooth function (j) G C^{M). 
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Now we give a proof of theorem 14.21 

Proof of theorem \4.^ If p = 2 then we have Xi{M) = Ai _2 = "^4 ■ Hence, by Theorem 1.5 in 

[36) . we are done. Therefore, we may assume p > 2. 

Now let u be a positive weighted p-eigenfunction of the weighted p-Laplacian satisfying 

^pju = e-^ div{e~^\Wu\^~'^Wu) = — 


This implies 


Let 




u. 


3 =-/ +(P-2)ln|Vu|, and p = Ai,p|^--^^. 


By proposition 14.31 we obtain 


or equivalently, 


/ iv^nvur^e-/ 

Ai.p [ uP-2<^2g-/ < f |Vu|P"^|V<?ipe"^, 

Jm Jm 


for any compactly supported smooth function (j) on M. Therefore 




Ai,p [ (f^e ^ = Xi,p [ Uu '’2^') 

J M J M ^ ^ 

< y V ^ |VM|P"^e 


By a direct computation, we have 

J ^|Vii|P- 2 e-/ 


|Vu|P"^e"^ 




We claim that 


i / <V^^ v.-> iv„rv/ ^ I + (p- 1)!^) 

Suppose that the claim (14.41) is verified. By (14.3|) . (14.41) . we obtain 


^e-f. 


(4.3) 

(4.4) 


Ai.p/ 


M 


IM uP 

p -2 


-2 


p-2y f |Vi 


IM 


uP 


b^e ^ 


Ai,p + (p- 1)—^ 

M \ 
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This means 


hr! 

^ JM 


Jm up 


IM 


uP 


Since Ai.p = > the corollary 13.41 implies ^ < ^2^. Therefore, 

f [ |V</)pe-A 

JM Jm 


2p 


Hence, Xi{M) > ■ H^re Ai(M) is the first eigenvalue of the weighted Laplacian. Since 

p < 2 ^- 2 ) ^ have Ai(M) > (m — 2). By a Wang’s theorem (see [32]), we are done. 

The rest of the proof is to verify the claim (14.411 . Indeed, we have 


1 

2 


[ (V(/>^V^t-(P-2)\ |yy|p-2g-/ 

JM ' ' 

= -l [ Af{u-^P-^^)\yu\P-^cl)^e-f 
2 Jm 



(vu-^P-^\V\Vu\P-^^ 


(j)^e -t. 


Note that 

e^div {e-^\Vu\P-^Vu) = -AppM^’"^ 

we have 

\Vu\P-‘^Afu + (V|Vw|P-^ Vw) = -Ai.pwP-^ 

Therefore, 

\Vu\P-'^Af{u^-P) + (V(u2-P, v(|Vp|P-^))) 

=(2 — + (2 — p)(l — p)\y u\p~‘^u~p\y u\'^ 

+ (2 - p)u^-P (Vm, V(|Vm|p-2)) 

= (2 - p)u^-P{-\,,puP-^) + (2 - p)(l - = (p - 2) (^Ai.p + (p - 1)^) 


(4.5) 


(4.6) 


By (14.51) and (14.61) . the claimis verified. □ 

Since the above-mentioned result of Wang plays a critical role in the proof of theorem 14.21 we 
reformulate it here for reader’s convenience. 

Theorem 4.4 ([32]). Let {M^,g,e ^dv) he a smooth metric measure space of dimension n > 3. 
Suppose that the lower bound of the spectrum Ai(M) of the weighted Laplacian is positive and 

777 — 1 

Ricf > - MM). 

Then either M has only one p-nonparabolic end or M = R x for some compact manifold N 

of dimension n — 1 with the product metric 


ds^ 

usm 


= dt^ + cosh 


Ai(M) 
TO — 2 


tds 


N- 
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5. Bakry-Emery curvatures and maximality of the weighted 
]3-spectrum 

In this section, we will show the rigidity of smooth metric measure spaces with Bakry-Emery curva¬ 
ture Ricf. We will estimate a upper bound of Ai,p and show that this upper bound is optimal and 
Apj is maximal on gradient staedy Ricci soliton with radial Ricci flatness. Moreover, we will prove 
that under extra conditions on Ricf and / if Ai.p is maximal then smooth metric measure spaces 
are splliting. 

Lemma 5.1. Let {M,g, e~-^dv) be a complete noncompact smooth metric measure space with Ricf > 
0. If there exist positive constants a,b > 0 such that 

fix) < arix) + b for all x £ M 

then we have the upper bound estimate 


XiAM) < 

pp 

Moreove, if f has sublinear growth then Ai_p(M) = 0. 

Proof. We use the argument in the proof of Lemma 13.11 Similarly, without loss of generality, we 
may assume that Ai^p is positive. By the variational characterization of Ai^p, we know that M has 
infinite /-volume. The theorem 0.1 in [5] implies M is p-nonparabolic, moreover 

VfiBpiR)) > 

for all sufficiently large R and C is a constant dependent on r. On the other hand, by the volume 
estimate in [21j . we have known that 


VfiBpiR)) < 

for some constant C > 0. Therefore, we have for some constant C > 0 

ePAA < CR^e‘^^, 


or equivalently, 

for all sufficiently large R. Lettting i? —>• oo, we have 


i/p In C -I- n In i? 
^ 


a 

P 


Ai,p ^ 



The proof is complete. □ 

To show that the estimate Ai_p(M) as in the above is optimal, let us recall the following Picone 
identity m)- 
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Lemma 5.2 ([!]). Let M be a Riemannian manifold and LI G M is a open subset. Suppose that 
t) > 0,M > 0 he differentiable in O. Denote 

uP uP~^ 

L[u, v) = iv^r + (p - 1)^ (Vu, |Vz;r-2Vz;) 

R{u,v) = , |V?;|P-2Vt;^ . 


Then 


L{u, v) = R{u, v). 

Moreover, L(u,v) > 0, and L(u,v) = 0 a.e. LI if and only ifL7{u/v) = 0 a.e. 
some constant k in each component of Ll. 


LI, i.e. 


u = kv for 


Now, we can give a lower bound of Ai_p as follows. 

Lemma 5.3. Let (M, g, e~^dv) be a smooth metric measure space. If there exists a positive function 
V > 0 such that Apjv < —XvP~^ for some constant A > 0, then 


> A. 

Proof. Let be a exhaustion of M by compact domains Llj. Choose (p € C^{Llj),ip > 0. 

Then, we have 



This shows that A < Xi,p{Llj). Since Ai,p(M) = lim Xi^p{Llj). The proof is complete. □ 

i-i-OO 


Recall that a gradient steady Ricci soliton has the below properties 

{ |V/p + 5" = a^, for some constant a > 0 

Af + S =0 (5.1) 

S >0 


where S is the scalar curvature of M. Moreover, Ric + Hessf = 0. As in [M], a gradient Ricci 
soliton is called to have radial Ricci flatness if 


i?m(V/,V/) =0. 

In [24], Petersen and Wylie pointed out that a compact gradient steady Ricci soliton has rigidity 
property provided the radial Ricci flatness. The following theorem tells us the sharpness of the upper 
bound of Xi^p{M) on noncompact gradient steady Ricci flat. 

Theorem 5.4. Let {M,g,f) be a noncompact gradient steady Ricci soliton with radial Ricci flatness 
normalized as (15.11) . Then 


provided that one of the following conditions holds true 
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(i) 1 <p <2 

(ii) p>2 and |V/| > 

Proof. Since S' > 0, we infer |V/| < a. Hence, Lemma l5 .1 1 implies 

Ai.p(M) < 

— f 

We will show that the inverse inequality is also true. Indeed, let n = ep-', it is easy to compute that 


1 


pp 


p-1 


iV/r-^A/ + ^|V/r (V|V/^-^ V/). 


p 


„p-l 


pp 


Since M is a gradient steady Ricci soliton, 

Aff = Af- |V/|2 = -(S + |V/n = -a2. 

This follows that 

^ f-a2|V/r-2 + P^\yf\p) + {p- 2)^|V/r-3iLess(V/, V/) 

pP \ p ) pP ^ 

= (-“’iv/r’ + ^iv/r) 


IP 1 t,p-i. 


Here we used M is a gradient Ricci soliton and radial Ricci flatness of M in the last equality. 
Observe that if either 1 < p < 2 and 0<a;<aor;p>2 and a A x < a, then we have 

p-1 


-a'^xP ^ 


vP < -- 


Hence, we conclude that Apjv < —^vP By Lemma (15.31) . this implies Ai_p > . The proof 

is complete. □ 

Lemma 5.5. Let {M,g,e~-^dv) be a smooth metric measure space with Ricf > 0, Then M has at 
most one weighted p-nonparabolic end. 


Proof. Suppose M has two f-nonparabolic ends. Then M admits a positive non-constant bounded 
weighted p-harmonic function v with |Vu|^e“^du < oo. In fact, this kind of result was first 
discovered by Li and Tam in [TO] (see also mm)- The Bochner formulae for the form \dv\P ‘^dv 
implies 


-A/(||dz;|^ ^dv\'^) = \V{\dv\P ^dv)\^ — {{dfd +dSf){\dv\P '^dv),\dv\P ^dv) 

-P Ricf{\dv\P~^dv, \ dv\P~‘^dv). 

> \y{\dv\P~'^dv)\'^ — (^Sfd{\dv\P~'^dv), \dv\P~‘^dv) 

> |V(|du|^“^)p — (^6fd{\dv\P~‘^dv), \dv\P~‘^dv) 

= (p — l)^\dv\'^^P~^'^\V\dv\\'^ — (^Sfd{\dv\P~^dv), \dv\P~^dv') (5.2) 
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Here 6/ = S + iyf is the dual of d with respect to e~^dv, we denoted l-form and its dual vector field 
by dv in an abuse of notation. We also used v is weighted p-harmonic in the first inequality. 

Let M+ := {x € M : |dw|(a;) ^ 0} and ip G C^(M) such that 0<p<l,(p=lon B{p,2R), 
|V(/)| < -I on B{p, 2R). For any e > 0, we denife 




|dM|(a;) 

max {|c?M|(a;), e} 
0 


on M+ 
on M \ M+. 


As in [23], tpe G where M+ is the completion of C^(M_|_). Moreover, ipg —>• 1, V-i/'e —>■ 0 

in Lq’^(M+). Multiplying both sides of (15.21) by then integrate the obtained result 

over M+, we have 


2(p—1)^ f \dv\^ ^|V|dt'|p'0eV^^e ^ 

Jm+ 

Jm+ Jm+ 

= — f 6 “-^ + f {d{\dv\^~‘^dv),d{il^gip'^dv)) e~^ 

Jm+ ' ' Jm+ 

(5.3) 

It is proved in [25] that |dA A dA| < |(iA||di3| for any 1-forms dA,dB. Hence, we can estimate the 
second term of the right hand side of (15.31) as follows. 


/M. 


(d{\dv\^ ^dv),d{ipgp^dv)) e ^ = [ {d{\dv\^ A dz;, ci('!/'eP^) A dw) e ^ 

J M+ 

< f |d(|d?;|^“^) A dz;|.|d('0e(p^) A dule"-^ 
Jm^ 


< 


\d{\dvr^)\\dv\-^\V{i,,p^)\e 




IM+ 


= |p-2| [ \dv\P ^\\V\dv\\V{tpsp‘^)\e 

Jm+ 

The first term of the right hand side of f|5.3p can be estimated by 

- [ (v(|dz;p“Pz/!Ep^),V(|dz;p(P“^))\6“-^ 

Jm+ ' ' 

= - [ (v(|dwp“^’), V(|dz;p(P“^^)\^eP^e“-^ - [ \dv\'^~P (v{\dv\'^^P~^^)') e~f 

Jm+ ^ ' Jm+ ' ' 

<2(p—l)(p—2) f |du|^“^|V|du||^'^£(/3^e“'^-I-2(p — 1) f |du|^“^|V|du|||V('0£(p^)|e“'^. 
Jm+ Jm+ 

Combining the above two inequalities and (15.3L we conclude that there is a constant C = C{p) 
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depending only on p, such that 


2(p— 1) / ‘^\V\dv\\^1pe^‘^€. ^ 

Jm+ 

<C [ \dv\P-^\V\dv\\\V{'ipe‘p‘^)\e~^ 

Jm+ 

<C [ \dv\P-^\V\dv\\\Vij,\ip^e-f+ 2C [ \dv\P-^\V\dv\\\yip\ij,e-f. 
Jm+ Jm+ 

Let £ —>• 0 we have that 


2{p-l) [ ip^\dv\P-^\y\dv\\^e-f <2C [ \dv\P-^\y\dv\\\Vp\e-f 

Jm+ Jm+ 

for some positive constant C. Using the following fundamental inequality 

2\dv\P-^\y\dv\\\V^\ < ^^\dv\P-^\y\dv\\^ + -U|d^;|P|Vp|2, 

C P — 1 


we infer 


(p—1) f (p'^\dv\P ^|V|dt!|pe 
Jm+ 


^e-f < 




p- 1 


/ \dv\P\V(f\'^e 

J M+ 


Hence 




(p - l)2i?2 


|c?f 


,|P„-/ 


Let R —?> oo, we conclude that \dv\ is constant on M+. Since v € C^{M), it implies that di; = 0 on 
M. Hence v is constant. This gives a contradiction. The proof is complete. □ 


Now, we have the following rigidity result. 

Theorem 5.6. Let {M,g,e~-^dv) be a smooth metric measure space with Ricf > 0. Suppose that 
•^i,p = where a is the linear growth rate of f. Then, either M is connected at infinity or 
M = R X N where N is a compact manifold. 

Proof. Since Ai^p > 0, we know that M is weighted p-nonparabolic. Assume that M has at leat 
two ends. By Lemma 15.51 we infer that M has only one weighted p-nonparabolic end, all other are 
weighted p-parabolic. Let E be the weighted p-nonparabolic end and F = M\E. 

Let j3 be the Busemann function associated with a geodesic ray 7 contained in F, namely. 


I3{x) = lim {t — dist{x,"f{t))). 

t—^OO 

In [^, Munteanu and Wang proved that 


Af(3 > —a. 
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Hence, 


oj = e-^div ^ ^ 


p-2 


j5(p-2)/3yg5/3 


p-1 


gp(p Aff3 ■ 


p-1 


p; 


> a 


' ef (p-i)/3 f “ _ 1 

a 
P 


gt(p-l)/3^ 




Therefore, let ui := ep^, we obtain 

— ~^i,p^^ ^■ 

Suppose that 0 is a nonnegative compactly supported smooth function on M. Then by the variational 
principle, 

Ai,p [ < [ |V(</)c^)|Pe-A 

Jm Jm 

Noting that, integration by parts implies 

[ (l}Pu;Apj{u})e-^ = - [ (t)P\Vu}\Pe-f - p [ (V(/., Vw) 

Jm ' Jm Jm 

and 

I V((/.a;)|P = (|V(/.pa;2 + 2(j)0j (Vcj), Vw) + (/.^l Vwl^-^) ^ 

< (j)P\Wu\P + pcjiuj (Vc/), Vw) (/)P-2|Vu;|P-2 + c\V(t)\'^ojP 
for some constant c depending only on p, we infer 

[ (jfuj{Apj{uj) + 

Jm 

= ^i,P [ — f cj)^\Vuj\^e~^ — p f cj)^~^Lu {V(j),Vuj)\Vuj\^~‘^e~^ 

Jm Jm Jm 

<[ |V(0a;)|^e-^- /* (/>^|- p /* (V0, Vw) | 

Jm Jm Jm 


< c f \V(j)\‘^uj^e ^. 

Jm 


Now, we choose 


such that |V(/)| < Then we conclude 


1 in B{R) 

0, on M \ B{2R) 


Jm Jm 


< 


M 

4 

W 

4 

w 




B(2R)\B{R) 

f 

Fn{B{2R)\B{R)) 






(5.4) 


’ {M\F)niB{2R)\B{R)) 


(5.5) 
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Since Ai^p = , by the proof of Theorem 4.1 in (or by theorem 0.1 in 0), it turns out that 

Vf{F\B{R)) < 

Hence, the first term of (15.51) tends to 0 as i? goes to oo. Moreover, by the proof of Theorem 4.1 in 
m, we also know that 

Vf{B{R)nE) < ce“^. 

Therefore, the second term of (15.511 also goes to 0 as i? —>■ oo. Consequently, the inequality (15.411 
implies 

Apj(w) + = 0. 

This implies 

A//3 = —a and |V/3| = 1. 

holds every where on M. Using the argument in [21], we conclude that M = R x for some 

compact manifold N of dimension n. The proof is complete. □ 

Theorem 5.7. Let {M, g, e~^dv) be a complete smooth metric measure space with Ricj > —{n— 1). 
Suppose that the linear growth rate of a is a. Then we have 


Kp{M) < 


n — 1 + a 
P 


In particular, if f is of sublinear growth, then the bottom spectrum of the weighted p-Laplacian has 
the following sharp upper bound: 

Ai,p(M) < • 

The sharpness of the Ai^p is desmontrated by the following example. 

Example 5.8. Let M = M x Nwith a warped product metric 

ds^ = dt^ + e'^*ds%, 

where N is a complete manifold with non-negative Ricci curvature. Then it can be directly checked 
that RicM > ~ Choose wighted function f = —at, then the Bakry-Emery curvature is 

bounded by Ricf > —(n — 1). Let v{t,x) = e~^*, where b = then 

e^div{e-^\Vv\P-'^Vv) = | Vu|p-^Az; + (V|Vu|p- 2^ Vu) - | (Vn, V/) 

= (1 - n + b)bP-\P-^ + {p- 2)bPvP-^ - abP-\P-^ 

= {b{p — 1) — (n — 1 + a))b^~^v^~^ 

'n — 1 a\^ 


Hence, by Lemm.a HOI we conclude Ai,p > • 

Now, we will a proof of the theorem 15.71 
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Proof. We follow the proof of Lemma TS.II Without loss of generality, we may assume that Ai^p is 
positive. By the variational characterization of Ai^p, we know that M has infinite /-volume. The 
theorem 0.1 in [3] implies M is p-nonparabolic, moreover 

Vf{Bp{R)) > 

for all sufficiently large R and C is a constant dependent on r. On the other hand, by the volume 
estimate in | 22 ] . we have known that 

Vf{Bp{R)) < 

for some constant C > 0. Therefore, we have for some constant C > 0 


for all R. This implies 


The proof is complete. 


Ai^p — 


n — 1 -I- a 


□ 


Theorem 5.9. Let ^dv) he a smooth metric measure space with Ricf > 0 and n > 3. 

Assume that |V/| < a on M for some constant a > 0. If Xi^p{M) = then either M has 

no weighted p-parabolic end; or M is a warped product M = R x N , where N is compact. 


Proof. We follow the proof of Theorem 14.II Suppose that M has a weighted p-parabolic end E. Let 
/3 be the Busemann function associated with a geodesic ray 7 contained in E, namely. 


(i{x) = lira {t — dist{x,j{t))). 

t—¥00 

By the proof of Theorem 4.1 in [22], we have 

Af/3 > —{n — 1 -I- a) 


in the sense of distributions. Hence, 



Hence, let a; := e p we obtain 
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Suppose that ^ is a nonnegative compactly supported smooth function on M. Then by the proof of 
Theorem 14.11 we have 


f 0Pw(Apj(w) + Xi^pUjP ^)e ^ 

Jm 

= Xi,p[ - [ (l)P\\7uj\Pe-f-p [ (V./), Vw) 

Jm Jm Jm 

<[ |V(0w)|Pe-^- / (j)P\\7uj\Pe-f-p [ (V(/>, Vw) |Vwl^-^e-^ 

Jm Jm Jm 

< c f 

Jm 


Now, we choose 


1 in B{R) 

0, on M \ B{2R) 


such that |V^| < Then we conclude 

[ \V(j)\‘^u;Pe-f = [ 

Jm Jm 


< 


' M 

4 

4 


g(m-l)/3g-/ 


'B{2R)\B(R) 


' En{B{2R)\B{R)) 


(5.6) 




{M\E)n{B{2R)\B{R)) 


g(m-l)/3g-/_ (57) 


Since Ai^p = proof of Theorem 4.1 in [22], it turns out that 


Vf{E \ B{R)) < 

Hence, the first term of (15.71) tends to 0 as i? goes to oo. On the other hand, by m we have 

IJ{x) < —r{x) + c 

on M\E. The Laplacian comparison theorem in [52] implies Vf{E 0 B{R)) < It turns 

out that the second term of (EZI) also goes to 0 as i? —oo. Therefore, (1^ infers 

Ap ^(w) + Ai^pW^ ^ = 0. 


This implies 

Af/3 = —(n — 1 + a)and |V/3| = 1. 

By the argument in [22] , we conclude that M = R x ^ for some compact manifold N of dimension 
n. The proof is complete. □ 
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